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Foreword and organization of the report 

This deliverable, which reports on  the MATRIX research dealing with time-dependent vulnerability 

analysis carried out as part of work package 4 (WP4) ΓTime-dependent vulnerabilityΔ, is organized 

in two parts (see table of contents) focusing on different aspects of the topic. Such an organization 

reflects the coordination of the research established with in WP4 among the partners most involved in 

task 4.1. It was decided that BRGM and AMRA will  address methodologies and tools for seismic time-

dependent vulnerability analysis, state-dependent fragility and damage accumulation, while tackling 

complementary issues in an informed manner, yet independently. In this way the effort is optimized 

such that contributions delivered to the project are maximized, as desired in the DOW. 

 

The first part of the report, produced by BRGM, investigates damage-state (DS) dependent fragility 

functions that are one of the components of existing time-dependent seismic risk assessment 

methodologies. The present work proposes an alternative methodology based on (i) the application of 

a large number of ground motions (GM) to the undamaged structure in order to have a representative 

sample of structures in every DS level, and (ii) the innovative statistical treatment of results for 

deriving fragility functions. (i) Approximately 1600  different combinations of one to eleven GM are 

applied to a single degree of freedom (SDoF) single story and single bay frame, with and without 

including the effects of mechanical degradation due to hysteretic degradation. For every DS level, this 

enabled us to have at least 200 structures with different local damage configurations, in particular 

different residual drifts (ɝ ), that will be hit by a final GM of Intensity Measure IM. (ii) Two statistical 

techniques are then applied to the results in order to deduce the DS-dependent fragility functions: the 

maximum likelihood method and a new Γmodified regressionΔ technique. The first option uses the 

discrete outcomes in terms of DS, which may be calculated based on different engineering demand 

parameters (e.g., the maximum transient drift ɝ ). The second option is based on correlating the 

maximum transient additional drift (ɝ ɝ  to the IM of the ground motion. The influence of the 

initial drift ɝ  is then eliminated by estimating the distribution of initial residual drifts for each initial 

DS. This correlates ɝ  directly to IM, which enables the derivation of DS-dependent fragility 

functions, as shown by the illustrative application. 

 

The second part, developed by AMRA, investigates the probabilistic modeling of damage accumulation. 

The study necessarily starts from different state-dependent fragility curves in the state-of-the art 

approach. It is here applied to determinedly simple structure, that is, a non-softening bilinear SDoF 

system, which can be considered as the generalized behavior for a large variety of engineering 

structures. It is shown how its non-evolutionary properties allow to drastically reduced the number of 

necessary analyses to derive DS-dependent fragility curves. Moreover, in this context integration of 

state-dependent fragility with hazard allows to compute the probability the structure worsen its 

conditions in Markovian process framework if some common hypotheses on the earthquake stationary 

occurrence are retained. However, to be able to predict the seismic reliability of the structure in the 

life-cycle damage accumulation has to be explicitly modeled as a random variable which starts from 

the initial seismic capacity and reduces over time. To this aim, it is shown how, for the analyzed SDoF, 

it is possible to model seismic effect in terms of reduction of the seismic structural capacity due to 

earthquake occurrence, that is, to determine the probabilistic distribution of damage increments 

independently of the damage state. Such an approach allows to probabilistically describe cumulative 

structural damage to be employed in stationary-increments stochastic processes for seismic time-

dependent reliability analysis of structures. 
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Abstract 

 

The Damage State (DS)-dependent fragility functions are one of the components of existing time-

dependent seismic risk assessment methodologies. Incremental dynamic analyses, i.e., a progressive 

ÉÎÃÒÅÁÓÅ ÏÆ ÔÈÅ 'ÒÏÕÎÄ -ÏÔÉÏÎÓȭ ɉ'-Ɋ ÁÍÐÌÉÔÕÄÅ ×ÉÔÈÏÕÔ ÍÏÄÉÆÙÉÎÇ ÔÈÅÉÒ ÓÐÅÃÔÒÁÌ ÓÈÁÐÅȟ ÉÓ ÔÈÅ state-

of-the-art methodology for deriving these functions. The present work proposes an alternative 

methodology based on (i) the application of a large number of GMs to an undamaged structure in 

order to have a representative sample of structures in every DS level, and (ii) an innovative statistical 

treatment of these results for deriving fragility functions. (i) Approximately 1600 different 

combinations of one to eleven GMs are applied to a one degree of freedom single story and single bay 

frame, with and without in cluding the effects of mechanical properties degradation due to hysteretic 

degradation. For every DS level, this enables us to have at least 200 structures with different local 

damage configurations, in particular different residual drifts (ɝ ), that will  be hit by a final GM of 

Intensity Measure IM. (ii) Two statistical techniques are then applied to the results in order to deduce 

the DS-dependent fragility functions: the maximum likelihood method ÁÎÄ Á ÎÅ× ȰÍÏÄÉÆÉÅÄ 

ÒÅÇÒÅÓÓÉÏÎȱ ÔÅÃÈÎÉÑÕÅȢ 4ÈÅ ÆÉÒÓÔ ÏÐÔÉÏn uses the discrete outcomes in terms of DS, which may be 

calculated based on different engineering demand parameters (e.g., the Park and Ang (1985) overall 

damage index or the maximum transient drift ɝ ). The second option is based on correlating the 

maximum transient additional drift (ɝ ɝ  to the intensity measure (IM) of the ground motion. 

The influence of the initial drift ɝ  is then eliminated by estimating the distribution of the initial 

residual drifts for each initial DS. This correlates ɝ  directly to the IM, which enables the derivation 

of DS-dependent fragility functions. Using this technique, DS-dependent fragility functions have been 

successfully derived for the considered frame. 

 

 

 

Keywords: time-dependent seismic risk, damage accumulation, aftershock fragility, dynamic analyses 
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Time-dependent risk assessment framework 

1.1 RISK INTEGRAL FOR DAMAGED STRUCTURES 

Most seismic risk assessment tools only consider an initially undamaged structure hit by one 

mainshock event. However, structures may be initially damaged from past earthquakes, and a seismic 

sequence is commonly made up of a mainshock followed by series of aftershocks. Within this post-

mainshock context, the rate of earthquake occurrence is significantly increased (due to the presence of 

aftershocks) and the physical vulnerability of possibly mainshock-damaged buildings may also 

increase. 

Previous works (Luco et al., 2004, Yeo & Cornell, 2005; Ryu et al., 2011; Luco et al., 2011) have 

developed a methodology for time-dependent risk assessment. It relies on coupling the performance of 

the building at the risk-assessment time t0 and the probabilistic hazard assessment during the 

considered time-span. The temporal position of the risk analysis is explained in Figure 1.1, and the 

present work is based upon this framework .  

 

 

Figure 1.1: Scheme of the time-dependent risk assessment methodology at a time t0. It is based on the performance of 

the structure at a time t0 and on the probabilistic hazard during the time span ◄ȟ ◄ ◕◄. 

 

The performance of the building at t0 is by itself a combination of the initial Damage State (DS) of the 

building, which is not necessarily precisely known, and on the capacity of the damaged building to 

withstand future shocks. The state of the building at t0 is characterized by the probability of it being 

intact (written ὈὛ π) or in each of the n different Damage States (DS) of a damage scale: 

ὴὈὛ Ὥȟ Ὥɴ πȟὲ. For each of these initial damage states ὈὛ , a fragility function of the building 

relates the probability of reaching or exceeding a Damage State for a hazard level characterized by an 

Intensity Measure (IM) of a given level ὥ: ὴὈὛ Ὧȿ Ὅὓ ὥȠ ὭȟὯᶰπȟὲ. 

Once these parameters are known, the initial state of the system is described and its capacity to 

withstand future earthquakes can be quantified as follows (Luco et al., 2011): 

ὴὈὛ Ὧ ȿ  ὴὈὛ ὭϽὴὈ3 Ëȿ  ȟ ȟὯᶰρȟÎ 
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Equation 1  

The ground motion hazard at the location of interest is estimated from Probabilistic Seismic Hazard 

Analysis (PSHA). Its IM at the location is assumed to be a random variable associated with a known 

cumulative distribution function ὴὍὓ ὥ . p expresses the probability for the IM to exceed a given 

level ὥ during the time span of interest ὸȟ ὸ ῳὸ. The probability of reaching DS=k during that time 

span is then deduced by coupling this probabilistic hazard and the performance of the (possibly 

damaged) building (Equation 1). This is expressed in Equation 2: 

ὴὈὛ Ὧ ὴὈὛ Ὧ ȿ Ͻ
ὨὴὍὓ ὥ

Ὠὥ
ὨὥȟὯᶰρȟÎ 

ὴὈὛ Ὧ ὴὈ3 Ὧ ὴὈ3 Ὧ ρ 

Equation 2 

Equation 2 is the final risk assessment result considered in this study. Subsequent analyses, such as 

evacuation policies (Yeo & Cornell, 2005) or relative economic losses or casualties (cf. Uhlemann et al., 

2011) may then be deduced. 

In common practice, the building is considered to be initially intact (ὈὛ π) and Equation 1 is not 

necessary since ὴὈὛ Ὧȿ ὴὈὛ Ὧȿ ȟ  is computed and used in Equation 2. The 

general formulation considering initial damage states which is proposed in this work enables us to 

consider time-dependency and may be used with in two main contexts: 

- In the short term, during post-mainshock emergency operations. Typically, in the scientific 

literature methodologies have been proposed for assessing the safety of mainshock-damaged 

structures by coupling the aftershock hazard with the fragility of mainshock-damaged 

structures. From this aftershock risk assessment, they deduce a building-occupancy policy 

(Yeo & Cornell, 2005). Similarly, by applying the same methodology to a bridge, Franchin et al. 

(2009) deduce a traffic allowance policy. 

- In the long term, where the time-span considered corresponds to the life cycle time of the 

building. Several authors have proposed methodologies for including the accumulation of 

damage in the life-cycle of the structure (e.g., Yeo & Cornell, 2005, 209). 

The present report focuses on the vulnerability assessment of damaged structures, i.e., the 

vulnerability of the building at the risk analysis-time t0. It is composed of two sub-sections: the 

probable initial state of the building ὴὈὛ Ὥ, and the capacity function of intact or damaged 

structures ὴὈ3 Ὧȿ  ȟ . 

1.2 DAMAGE DESCRIPTION 

The various possible damage configurations of the building are grouped into a few discrete damage 

states of a damage scale. In this chapter, we choose the EMS-98 damage scale (Grünthal, 1998) which 

is the most commonly used in Europe. It considers damage states ranging from 0 (intact structure) to 

5 (destruction). In this work we chose to merge the last 2 categories, which leads to considering n=5 

categories of damage (1 to 4, plus the undamaged state 0). Depending on the analyses, some authors 

(e.g., Crowley et al., 2011) consider 2 Damage States. However, the choice of a particular damage scale 

is subject to discussion, which is not the purpose of this work. 

A DS corresponds to various damage configurations, and the assessment of the DS may be performed 

through several methods suited to different contexts (post-earthquake field survey, building design 
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etc.) and useful for different purposes (safety analysis, repair costs, etc.). A complete review of this 

issue is provided, e.g., in Hill & Rossetto (2008), who characterize a damage scale by the following 

characteristics: 

- a damage description (as presented in Figure 1.2 for reinforced concrete (RC) buildings), 

- a physical parameter which may be obtained from analytical calculations or directly from 

building instrumentation , 

- types of repairs, 

- damage costs. 

In this work, we use a physical parameter based on the modeling of the structure to predict the 

damage state, called the Engineering Demand Parameter (EDP). The damage state n is reached once 

the EDP exceeds a DS threshold, as given inTable 1.1. 

ὴὈ3 Ὧȿ ὴὩὨὴὈὛȟȿ   ȟὯɴ ρȟÎ 

Equation 3 

In this chapter we use the Damage States defined by two physical parameters, or engineering demand 

parameters: the maximum transient interstory drift ratio (latter called ISDRmax or Ⱥ ) and the Park 

& Ang (1985) damage index. 

 

EMS-98 Damage State 
threshold: 

ISDRmax Park & Ang (1985)  

ὈὛȟ 0.13% 0.1 

ὈὛȟ 0.27% 0.15 

ὈὛȟ 0.56% 0.2 

ὈὛȟ 1.63% 0.5 

ὈὛȟ (not considered) 4.78% 1.0 
 

Table 1.1: Damage State thresholds for reinforced concrete frames for two engineering demand parameters: the 

maximum inter-story drift ratio (ISDRmax) and the Park & Ang (1985) index. Thresholds for ISDRmax are from Rossetto 

& Elnashai (2003) and for Park & Ang (1985) they are adapted using the previous reference and Singhal & Kiremidjian 

(1996). 

 

The maximum inter-story drift ratio (ISDRmax) is the maximum, among all stories, of the ratio of peak 

transient story displacement by height. It is the most commonly used physical parameter for 

describing the overall damage to a structure (Rossetto & Elnashai, 2003). 

An alternative damage index used in this study is the Park & Ang (1985) overall index. It accounts for 

damage due to maximum inelastic displacement as well as for damage due to cyclic energy dissipation. 

Since the inelastic behavior is concentrated in the plastic zone at both ends ȰÐÌÁÓÔÉÃ ÓÐÒÉÎÇÓȱ ȟ ÔÈÅ 

relationship between damage and the overall structure is not direct. A Park & Ang (1985) local 

damage index ὈὍȟ is first derived for every plastic element i. It is a linear combination of the 

maximum inelastic excursion and of the energy dissipation during the successive deformation cycles: 

 

ὈὍȟ
— ȟ

—ȟ —ȟ

‍

—ȟϽὓ ȟ
Ὁȟ    Ὁ  Ὠ—Ὠὓ 
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Equation 4 

where —ȟ and —ȟ are, respectively, the yield and ultimate curvature of the plastic spring i. —  and 

Ὁ are, respectively, the maximum curvature reached and the energy dissipated during the load 

history. We consider a constant ‍ πȢρ5, following Singhal & Kiremidjian (1996) , for reinforced 

concrete frames, which reflects a higher weight of the energy dissipation term compared to the value 

‍ πȢρ proposed in Park & Ang (1985). The ultimate rotation capacity is set at —  0.07 rad, which 

was estimated for the beams and columns considered. Note that these two parameters are subject to 

discussion and are a major source of uncertainty. In fact, large uncertainties enter into the 

determination of —, as presented in Rossetto (2002). Rossetto & Elnashai (2003) noticed that these 

sources of uncertainty are reflected in the variation in the values used to represent failure, ὈὛȟ , 

ranging from 0.77 to 1.0 in the literature. 

The Park & Ang (1985) overall index is then computed as follows:  

ὈὍ ‗ὈὍȟ ȟ‗
Ὁ

ВὉ
 

Equation 5 
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Figure 1.2: Classification of damage to buildings of reinforced concrete in the "EMS-98" damage scale. From Grünthal, 

(1998). 

 

1.3 STATE OF THE BUILDING AT THE RISK-ASSESSMENT TIME T0 

As presented at the beginning of this work (paragraph 1), the state of the building at t0, which is not 

necessarily known, is described by the probability of it being in the various damage states ὴὈὛ Ὥ, 

with В ὴὈὛ Ὥ ρ. We present in the following the different ways of determining these 

probabilities, based on the discussion by Luco et al., 2011. 
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INSPECTION BASED OR EXPERT KNOWLEDGE 

In this category, we first include the case of a building that has just been build or is known to be intact. 

It therefore assumes that: 

ὴὈὛ π ρ

ὴὈὛ É π Ὢέὶ Ὥ Ὥὲ ρȟÎ
  

This category also includes the cases where an engineer estimates, based on his observations, the 

probability of the structure to be in every damage state at the time t0. This includes cases where he 

observes that the building is fully included in damage state i, e.g., ὴὈὛ ς ρ, or cases where 

different likehoods are assigned to every damage state (e.g., incomplete inspection, different 

assessments by different experts, etc.). 

 

SHAKEMAPS (UNCERTAIN HAZARD) 

Following a mainshock, the geolocalized ground motion hazard Ð)- ά  can be deduced from 

shakemaps1. Shakemaps can quickly produce information concerning the mainshock intensity 

measure distribution, namely the intensity measure median ‘  and logagithmic standard deviation 

ɗ  at each location. 

Knowing these two parameters of the past mainshock for the location of interest, one can estimate the 

probability of exceeding a given intensity measure. This assumes a lognormal complementary 

cumulative probability distribution of the IM value generated by the mainshock. 

Equation 6    ὴὍὓ ά  ρ ɋ
ɗ

 

The probability of exceeding a given damage state i is then deduced: 

Equation 7    ὴὈὛ Ὥ ᷿ ὴὈὛ Ὥȿ Ͻ Ὠά   ȟὭɴ πȟυ 

The probability of being in a damage state i can also be deduced from the previous expression: 

Equation 8    ὴὈὛ Ὥ ὴὈὛ Ὥ ὴὈὛ Ὥ ρ  

 

 

                                                             
1 http://earthquake.usgs.gov/earthquakes/shakemap/  
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Figure 1.3 

: Example of PGA (left) and uncertainty (right) data provided by the Shakemaps promptly after the Martinique M7.4 

Earthquake of 2007. We consider a risk assessment carried out at just after this quake and the publication of this data, at 

a time t0. In the methodology exposed in the deliverable, Part I, that kind of data can be used for estimating the state of 

the building at t0 and its capacity to withstand future shocks. From 

http://earthquake.usgs.gov/earthquakes/shakemap/global/shake/2007kha5/ 

 

Note that we write the hazard probability distribution of the mainshock Ð)- ά , and Ð)-

ὥ  the hazard probability distribution of earthquakes during the time-span ὸȟ ὸ ῳὸ. These two 

hazards should not be confused since they respectively correspond to: 

- The ground motion prior to t0, during the mainshock. It is described using probability 

distributions due to the epistemic uncertainty related to the lack of information on the 

mainshock and the very rapid creation of shakemaps (Luco et al., 2011). 

- The ground motion hazard during the considered time span ὸȟ ὸ ῳὸ. It is described using 

probability distribution due to the inherent variability of the future ground motion (aleatory 

uncertainty). 

EARTHQUAKE INSTRUMENTATION 

In case of earthquake instrumentation, the intensity measure can be calculated from the recorded 

signal. The reasoning is similar to the prior case, except that there is one single value for the intensity 

measure of the ground motion instead of a distribution of values: the epistemic uncertainty concerning 

the value of the past ground motion has been resolved. 

BUILDING INSTRUMENTATION BASED 

Building instrumentation during the shocks (e.g., peak roof displacement), can be used for estimating 

the engineering demand during the shock, and directly deducing the damage state. 

For instance, assuming that the building instrumentation enables one to determine immediately the 

maximum interstory drift ratio ISDRmax reached prior to t0, this could immediately be used to estimate 

the buildingΐs damage state (see  

Table 1.1). 

http://earthquake.usgs.gov/earthquakes/shakemap/global/shake/2007kha5/
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A combination of these techniques is possible for determining the initial state. For instance, Yazgan & 

Dazio (2011) propose a combination of instrumentation and inspection using Bayesian updating 

techniques. 

 

1.4 MODIFIED REGRESSION TECHNIQUE FOR ESTIMATING THE CAPACITY OF (POSSIBLY DAMAGED) STRUCTURE  

PRESENTATION OF THE METHODOLOGY 

The remaining necessary element for estimating the time-dependent risk presented in section 1 is the 

fragility of damaged structures ὴὈ3 Ὧȿ  ȟ . Bazzurro et al. (2004b) and Ryu et al. (2011) 

propose to develop these curves using incremental dynamic analysis, i.e., a progressive increase of the 

ground motionsΐ amplitude without modifying their spectral shape in order to have a sufficient 

number of buildings in each damage state. In this section we present a methodology for developing DS-

dependent fragility functions using a set of pre-defined ground motions. Ground motions from this 

data set are applied to the structure until each DS is populated with enough outcomes, which have 

different local damage configurations. We then reuse the damaged structures for the response to the 

next ground shaking. 

As it is usually done, we suppose that the probability of a building reaching a damage state ὈὛ Ὧ 

from an initial damage state ὈὛ Ὥ when hit by an earthquake of intensity measure ὥ is a random 

variable having a log-normal distribution:  

ὴὈ3 Ὧȿ ȟ ɋ
ÌÎὥ ÌÎ‘ȟ
ɗ ȟ

Ƞ ὭȟὯᶰπȟυ ὥὲὨ Ὧ Ὥ 

Equation 9 

where ɋ  is the cumlative distribution function of the standard normal distribution ɋ ὼ

᷿ ‰ὸὨὸ ×ÉÔÈ ‰ὸ
Ѝ
Ὡ ϳ . This equation describes the so-ÃÁÌÌÅÄ ȰÆÒÁÇÉÌÉÔÙ ÆÕÎÃÔÉÏÎȱȢ 

In the following, we introduce the random variable Ⱥ  representing the residual inter-story drift at a 

time t0 and Ⱥ ȿȺ ὸȿ, one of the possible realizations of Ⱥ . We use the maximum transient 

inter -story drift ratio (ISDRmax) as the engineering demand parameter, written as Ⱥ

ÍÁØ ȿȺ ὸȿ. Ⱥ ȟ are the DS thresholds for Ⱥ . 

The regression technique (FEMA, 2000b; Ellingwood & Kinali, 2009; Zenter, 2011) is a widely used 

methodology for deriving the fragility functions of undamaged buildings. It relies on correlating the 

maximum transient drift Ⱥ  to the ground motion intensity measure IM Since the damage state DS 

is directly related to Ⱥ , a correlation between DS and IM is then deduced by a simple substitution 

of variables and the fragility function is estimated. 

This section presents an adaptation of this approach to initially damaged buildings ($3 ρ). This 

ȰÍÏÄÉÆÉÅÄ ÒÅÇÒÅÓÓÉÏÎ ÔÅÃÈÎÉÑÕÅȱ ÒÅÌÉÅÓ ÏÎ ÃÏÒÒÅÌÁÔÉÎÇ ÔÈÅ ÍÁØÉÍÕÍ ÔÒÁÎÓÉÅÎÔ ÁÄÄÉÔÉÏÎÁÌ ÄÒÉÆÔ 

Ⱥ Ⱥ  to the ground motion intensity measure IM. In order to then relate the damage states DS 

to the IM, the influence of the initial drift Ⱥ  must be eliminated from this relation. This is achieved by 

supposing a distribution of Ⱥ  for each initial damage state: ὪȺ ȿ , 
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LINEAR REGRESSION 

As presented in Equation 3, the probability of reaching a damage state is determined by the following 

condition on the engineering demand parameter Ⱥ : 

Equation 10   ὴὈ3 Ὧȿ ȟ ὴȺ Ⱥ ȟȿ ȟ  

We consider a structure with a residual drift Ⱥ Ⱥ  due to its load history prior to t0. We suppose 

that the distribution of the maximum transient additional drift , Ⱥ Ⱥ , depends on the ground 

motion intensities ὥ as follows: 

Equation 11     Ⱥ Ⱥ ὦϽὥὩ 

where the residual term ‭ is a random variable of null median and standard deviation ɗ. b and c  are 

two constants determined by performing a set of non-linear dynamic analyses of the building and 

using a linear regression of ÌÎὥ on ÌÎȺ Ⱥ  . The standard deviation ɗ of the residual ‭ 

between the data points and their interpolation is estimated by: 

Equation 12     ÌÎȺ Ⱥ  ÌÎὦ ÃϽÌÎὥ ‭ 

By substituting Equation 12 in Equation 10, we obtain the probability of exceeding a DS, for a given 

initial drift  Ⱥ  and intensity measure ὥ: 

ὴὈ3 ὯȿȺ Ⱥ ȟ ὴ ‭ ὰὲ
ὦϽὥ

Ⱥ ȟ Ⱥ
  

Equation 13 

Supposing that the residual ‭ is normally distributed, the following algebraic expression can be 

deduced: 

ὴὈ3 ὯȿȺ Ⱥ ȟ ɋ

ὰὲ
ὦϽὥ

Ⱥ ȟ Ⱥ
 

‍
 

Equation 14 

For an initially damaged building ($3 Ὥ), the residual drift cannot exceed Ⱥ ȟ , otherwise the 

building would be in an initial state $3 Ὥ ρ. Ⱥ  therefore within the range πȟȺ ȟ . We write 

ὪȺ Ⱥ ȿ  to be the probability density function of the residual drifts of a given initial 

damage state $3 Ὥ. The probability of exceeding DS=k, for a given initial damage state $3 Ὥ and 

ground motion intensity measure IM = ὥ is finally derived by integrating Equation 14 over the range 

of possible initial drifts Ⱥ : 

ὴὈ3 Ὧ ȿ ȟ ὴὈ3 Ὧ ȿȺ Ⱥ ȟ ὪȺ Ⱥ ȿ ὨȺ
Ⱥ ȟ

 

Equation 15 
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ESTIMATION OF THE RESIDUAL DRIFT DISTRIBUTION 

The next objective is to estimate the residual drift distribution  ὪȺ ȿ  . In the case of and 

undamaged building $3 π, the residual drift is necessarily Ⱥ π, i.e. ὪȺ ȿ  is a Dirac 

delta function. 

Equation 15 is therefore simplified and corresponds exactly to the regression technique for 

undamaged structures (cf. for instance Ellingwood & Kinali, 2009): 

ὴὈ3 Ὧȿ ȟ ɋ
ÌÎὥ ÌÎ‘ȟ

ɗ ȟ

ȟ×ÉÔÈ ‘ȟ ÅØÐ
ρ

ὧ
ÌÎ
ῳ ȟ

ὦ
 ÁÎÄ ɗ ȟ

‍

ὧ
 

Equation 16 

In cases of initially damaged buildings, $3 ρ, we propose to first assess  ὪȺ Ô ȿ , the 

distribution of Ⱥ Ô , for then deducing the distribution of Ⱥ ȿȺ Ôȿ. The population of buildings 

in initial damage state $3 Ὥ corresponds to the buildings whose absolute ISDRmax has reached 

Ⱥ ȟ Ⱥ Ⱥ ȟ  prior to t0. Within this overall population, we distinguish two sub-populations 

depending on the leaning side where that maximal ISDR had been reached: Ⱥ ȟ ÍÁØ Ⱥ ὸ

Ⱥ ȟ  or Ⱥ ȟ ÍÉÎȺ ὸ Ⱥ ȟ . For simplifying the notations in this report, we assume equal 

weights, equal standard deviation „Ⱥ ȟand opposite median  ‘Ⱥ ȟ of these two sub-populations. A 

general formulation for a non-symmetrical structure would work identically. Finally, we suppose that 

each of these sub-populations is normally distributed, which will later be illustrated in section 1.7. The 

probability density function of Ⱥ Ô  therefore reads as: 

ὪȺ Ô ȿ  
ρ

ςЍς“„Ⱥ ȟ

‰
Ⱥ Ô ‘Ⱥ ȟ

ς„Ⱥ ȟ

‰
Ⱥ Ô ‘Ⱥ ȟ

ς„Ⱥ ȟ

 

Ⱥ Ô ᶰ Ⱥ ȟ ȟȺ ȟ  

Equation 17 

The distribution of Ⱥ ȿȺ Ôȿ is then deduced from Equation 17: 

ὪȺ ȿ  
ρ

Ѝς“„Ⱥ ȟ

‰
Ⱥ ‘Ⱥ ȟ

ς„Ⱥ ȟ

‰
Ⱥ ‘Ⱥ ȟ

ς„Ⱥ ȟ

ȟȺ ᶰπȟȺ ȟ  

 

The distribution of initial drifts are presented in Figure 1.4. 
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Figure 1.4: Description of the different damage classes. In each of these classes, structures with the same DS have 

different local damage configurations, and in particular, different initial drifts ɝὸ . These drifts are supposed to be a 

mixed normal distribution. 

SUMMARY OF THE METHODOLOGY 

The overall methodology of the modified regression technique for damaged buildings consists of: 

1. performing a linear regression of ÌÎὥ on ÌÎȺ Ⱥ   on a set of non-linear dynamic 

analyses. This regression may be based on simulations that may or may not include initially 

damaged structures, 

2. characterizing the distribution of initial drifts for a given initial DS $3 Ὥ by estimating 

ὪȺ ȿ , 

3. combining both, i.e., inserting Equation 13 and Equation 17 into Equation 15, 

4. fitting this result with a log-normal distribution law in order to numerically obtain the 

parameters ‘ȟ and ɗ ȟ (Equation 9) describing the transition probability from $3 Ὥ to 

$3 Ὧ when hit by a ground motion of intensity measure Ὅὓ ὥ. 
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Application of the methodology to a single story ï single bay frame 

1.5 MODEL GEOMETRY AND STRUCTURAL MODELING 

The model geometry of the single-bay single-story frame geometry is presented in Figure 1.5. Due to 

the fixed length of the beams and columns, the portal has a single degree of freedom, which is the 

inter -story drift ratio Ⱥ. 

 

Figure 1.5: Description of the single-bay single-story frame geometry employed in this study. The beams and columns 

having a fixed length, the structure has a single degree of freedom: the inter-story drift ratio. 

 

This single bay and single story frame is modeled using the concentrated plasticity concept in the 

OpenSees finite element software (Mazzoni et al., 2006). The beam and columns elements are elastic; 

the only inelastic behavior is concentrated at the end hinges (cf. Zareian & Medina, 2010). The elastic 

elements properties are listed in Table 1.3. The Ibarra & Krawinkler (2005) model is used to describe 

the plastic hinges, for which the main parameters are presented inTable 1.2. Note that pinching effects 

are not considered in this study since they have little impact on the collapse behavior of the building 

(Haselton and Deieirlein, 2007). Two cases are considered: one involving a medium level of cyclic 

strength and stiffness deterioration ‗ χς (according to Haselton and Deieirlein, 2007), and one 

without degradation. 

The main parameters (e.g., yield and capping moment) used for this study correspond to beams and 

columns elements from a previous work (Seyedi et al., 2010) dealing with a reinforced concrete frame 

building. Values for parameters that were not determined during these tests are adopted from the 

calibration presented in Haselton and Deieirlein (2007) and based on 255 RC columns tests. 

Parameter Unit Column spring Beam spring 

Elastic stiffness kN.m 70000 150000 

Yield moment kN.m 52.5 210 
Plastic rotation capacity rad 0.015 0.02 
Post-capping rotation capacity rad 0.161 0.133 
Ultimate rotation capacity rad 0.4 0.4 
Strain hardening ratio  0.0018 0.005 

Residual strength ratio  0.2 0.2 

Degradation parameter ɠ  72 (moderate) or 1000 (no degradation) 

Table 1.2: The main parameters used in the Ibarra & Krawinkler (2005) for modeling the 4 column and the 2 beam 

springs. 
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Parameter Unit Column Beam 

Length m 3 4 

Section area m2 0.135 0.197 
Moment of inertia m4 0.0023 0.0054 
Young modulus kN.m-2 3.e7 3.e7 
Table 1.3: Parameters for the elastic elements. 

 

The mass is concentrated at the beam-column connections. We consider a total mass of 16 tons, which 

is equally divided between the two beam-column nodes. These masses are used both for inertial mass 

and for applying a constant vertical gravity load. 

The general equation of the free linear system may be written as  ◊ ╬◊ ▓◊ π, where u is the 

displacement, and m, c and k the mass, damping and stiffness matrices, respectively. m and k are 

deduced from the building geometry, mechanical properties and mass repartition previously exposed. 

The viscous elastic damping c is modeled using the Rayleigh model, which supposes that the damping 

matrix is a linear combination of the mass matrix and initial stiffness matrix: ╬ ὥ□ ὥ▓. 

The elastic damping ratio is chosen as ‒ υϷ for a reinforced concrete frame moment. The frame has 

a vibration period T1 = 0.195s. The coefficients for building the damping are deduced has follows: 

ừ
Ử
Ừ

Ử
ứὥ ‒

ς‫‫

‫ ‫

ὥ ‒
ς

‫ ‫

 

where .are two frequencies of the structure ‫ ‫ÁÎÄ 

1.6 STATIC RESPONSE AND DAMAGE STATE DEFINITIONS 

As presented above, we consider damage states based on the maximum inter-story drift ratio 

(ISDRmax) thresholds proposed in Rossetto & Elnashai (2003). These thresholds are superimposed on 

the pushover curve (Figure 1.6) of the building, which is built using a nonlinear static analysis. 
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Figure 1.6: Static pushover for the intact structure. The damage states are identified based on the Inter-story drift, as 

presented in  

Table 1.1. 

1.7 EXAMPLES OF SUCCESSIVE GROUND MOTIONS 

The dynamic behavior of the structure for the same successive ground motion is shown Figure 1.7 and 

Figure 1.8, with or without considering hysteretic degradation, respectively. 

  

Figure 1.7: Example of successive time-history analysis, including a medium cyclic degradation in the structure. Prior 

to t0, the structure had reached a damage state DSt0 = 3 and has a residual drift ɝ . After t0, the ground motion of 
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intensity measure ὥ (red part, bottom panel) brings the structure to DS = 4. The correlation is drawn between 

ɝ ȟ ɝ  and ὥ 

. 

Figure 1.8: Example of successive time-history analysis without including cyclic degradation in the structure. Prior to t0, 

the structure, had reached a damage state DSt0 = 2 and has a residual drift ɝ . After t0, the ground motion of intensity 

measure ὥ (red part, bottom panel) brings the structure to DS = 3. The correlation is drawn between ɝ ȟ ɝ  and 

ὥ 

 

In order to explain the hypothesis of Gaussian distribution of the residual drift proposed in section 1.4, 

we consider the evolution of the building as a succession of hysteretic cycles (one cycle starting and 

ending when the Moment turns from negative to positive, i.e., cuts the x-axis upwards in Error! 

Reference source not found. ). We consider the cycle-residual drift Ⱥ ȟ  as the drift difference 

between the end and the beginning of each cycle. The residual drift at t0, Ⱥ ὸ , is the sum of all these 

Ⱥ ȟ  until t 0. During the non-linear behavior of the structure hit by a ground motion, each 

Ⱥ ȟ  may be seen as being independent of others, which justifies the hypothesis that the final 

drift is norm ally distributed (Central limit theorem).  

This interpretation is illustrated in Error! Reference source not found. 10, which is a zoom of Figure 

1.7, from t=120 s to t=140 s. The damage state at t0 =138 s is DSt0 = 3 since the transient drift 

exceeded Ⱥ ȟ prior to t0. The residual drift at t0 may be seen as the sum of the successive cycle drifts 

Ⱥ ȟ , as represented by the dark blue line. 
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Figure 1.9: Cyclic behavior of the one column spring component of the model used in this study during the ground 

motion presented in Figure 1.7, with (left) or without (right) including a medium cyclic degradation. The ñrisk-analysisò 

time t0 is represented by the color change from blue to red. These springs are modeled using the Ibarra & Krawinkler 

(2005) model and parameter values from Table 1.2. 

 

 

Figure 1.10: The sum of the succession of cycle-residual drift is presented in the dark blue line. It 

illustrates the interpretation of the residual drift at t0 as a succession of independent cycle-drifts for 

explaining the hypothesis of normally distributed drifts Ⱥ ὸ . The pale lines are a detail of Figure 1.7, 

from t=120 s to t=140 s. 
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1.1 SAMPLING METHODOLOGY 

As presented in section 1.4, the modified regression technique for estimating DS-dependent fragility 

curves relies on the statistical treatment of a set of nonlinear dynamic analyses. In order to have a 

sufficient number of damaged structures in each class for the statistical analysis, we perform these 

simulations for at least 200 structures in each initial damage state $3 Ὥ, except for $3 π, which 

corresponds to the sole intact structure. The methodology is represented in the following figure 

(Figure 1.11). 

 

 
Figure 1.11: Methodology for populating the different initial Damage States. For each initial damage 

state DSt0= i, 20 couples of GM and structure saves are sampled and dynamic analyses are performed. 

The outputs of the simulations are then post-treated in order to estimate the new residual drift, and 

Damage States, according to both ISDRmax and Park & Ang (1985) index thresholds. These results are 

then added to the structure database, and included in the next sampling. These operations are 

repeated 25 times in order to have enough outcomes in the structures database perform statistical 

analyses on initially damaged structures. 

For every initial damage state $3 Ὥ, the objective is to have a set of structures large enough to have 

a coherent view on the distribution of initial drifts, which is then used in the modified regression 

technique. Initially, the structure database is populated by applying 175 different GM to the 

undamaged structure. Then, the following process is repeated 25 times for each initial DS, i.e., 

$3 ρȟς ὥὲὨ σ: 

- 20 couples of GM and initial structure are selected. The initial structure configuration is 

characterized by the initial drift Ⱥ Ô . A Latin hypercube sampling methodology is used in 

order to optimize the number of simulations required for testing the range of possible 

combinations of initial drifts and ground motions without introducing bias. 
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- Non-linear dynamic analyses are performed for each of these combinations, and the final 

structure state is saved in order to be used as the initial state of a new simulation. 

- The recordings are post-treated in order to deduce peak transient drift and residual ones. 

Damage indexes and damage states are deduced from these outputs and from the outputs of 

the previous simulations. These new elements are added into the structure database. 

This results in a final population of around 1600 structures, which correspond to the undamaged 

structures hit by many different combinations of 1 to 11 successive ground motions (4.3 in average). 

Figure 1.12 illustrates the methodology for a structure with an initial degradation $3 ς. The top 

histogram shows the actual distribution of the initial drifts. The right histogram represents the set of 

ground motions used for the simulation. The central panel shows the combinations of these 

parameters that have been chosen for performing the simulations, and the color of the point indicates 

the result: yellow if the structure has remained in $3 ς, red and black if it has increased to 

$3 σ έὶ τ, respectively. 

 

Figure 1.12: Central panel: Damage state obtained (color dots, yellow, red and black corresponding to DS = 2, 3 and 4, 

respectively), depending upon the intensity measure Sa of the aftershock and on the initial drift ɝÔ  of the structures. 

The histograms show the population of ground motions used (right) and the distribution of the initial drifts ɝÔ  

corresponding to the initial damage state DSt0 = 2 (top). The latter is assumed to be a mixture of two Gaussian 

distributions. 

 

1.2 ESTIMATION THE DISTRIBUTION OF RESIDUAL DRIFTS 
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LINEAR REGRESSION 

In the first step of the modified regression technique, a linear regression is performed on the set of 

non-linear dynamic simulations. Results are presented in Figure 1.13 and Table 1.4. We also perform a 

linear regression on the set of 175 different ground motions applied to the undamaged structure 

($3 π), which corresponds to the standard regression methodology. 

 

Figure 1.13: First step of the modified regression technique: linear regression of ÌÎɝ ɝ  vs. ÌÎὥ. The set of non-

linear dynamic simulations may only consider the initially undamaged structure (in red), or may be composed of both 

damaged and undamaged initial states (in blue). Left, including a medium cyclic degradation, right, omitting the cyclic 

degradation. 

 

 

Initial 

damage 

Structure with cyclic degradation Structure without cyclic degradation 

Pop. Size b c ÓÔÄ‭ Pop. Size b c ÓÔÄ‭ 

$3 π 175 0.036 1.15 0.61 175 0.030 1.39 0.88 
All  1610 0.032 1.12 0.66 1643 0.040 1.35 0.99 

Table 1.4: Results of the linear regression: ÌÎȺ Ⱥ  ÌÎὦ ÃϽÌÎὥ ‭ (Equation 12). The 

intensity measure ὥ is the first period spectral acceleration. 

 

DRIFT REPARTITION 

As explained in section 1.4, we estimate the distribution of drifts for a given initial damage state in two 

subpopulations, each being assumed to be normally distributed. The Expectation Maximization 

algorithm is used to obtain the maximum likelihood parameters from the data. The distribution of 

these populations and the deduced probability functions are presented in Figure 1.14. 


































































